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A Logical System without Reductio ad Absurdum
and the Planning of the Proofs
Yasuo Nakanishi
Abstract: In a proof by reducio ad absurdum (RAA), once we put false assumptions, it is hard to
distiguish true statements from others in the following part of the proof. On the other hand, all
intermediate statements in a direct proof are true. This means that a direct proof has far more
informations than the corresponding RAA proof. Therefore, from educational point of view, it is
very fruitful to write proofs without RAA.
In our former research, we introduced an efficient logical system called WNK which is free from
RAA. However, ordinary proofs used in mathematics are closer to NK of Gentzen rather than WNK.
In this paper, we introduce another logical system PNK which is also free from RAA, and explain
the planning method of PNK proofs by means of sequents.
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(1) : →,∧,∨,¬, ∀, ∃
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(2) a, b, c, , x, y, z,
(3) f, g, h,
n n
(4) P,Q,R,
n n 0
(1)
(2) n f n t1, t2, tn
f(t1, t2, tn)
(3)
(1) n P n t1, t2, tn
P (t1, t2, tn)
(2) A,B
¬(A) (A) ∨ (B) (A) ∧ (B) (A)→ (B)
(3) x A ∀x[A] ∃x[A]
(4)
a x, y 1 f 2 g 1 P 2 Q
∀x[(P (f(a))) ∧ (¬(Q(a, f(x))))]→ (∃y[(∀x(P (x)) ∨ (Q(f(a), g(y, f(y))))])
(1) P (t1, t2, tn)
(2) ¬(A)
(3) ∀x[A] ∃x[A]
∀x[P (f(a)) ∧ ¬Q(a, f(x))]→ ∃y[∀xP (x) ∨Q(f(a), g(y, f(y))]
PNK
PNK NK
A1, A2, , An A1 A2 An
Γ
∆ PNK
Γ Γ, A, A
Γ, A Γ, A
[A]
→ Γ, A→ B ∆, A → Γ, B
Γ, ∆, B Γ, A→ B
(∧ Γ, A ∧B Γ, A ∧B ∧ ∆, A Γ, B
Γ, A Γ, B ∆, Γ, A ∧B
[A] [B]
(∨ Γ, A ∨B ∆ ∆ ∨ Γ, A, B
Γ, ∆ Γ, A ∨B
¬ Γ, A ∆, ¬A ¬
Γ, ∆ A, ¬A
A, ¬A
(∀ Γ, ∀P (x) ∀ Γ, P (a)
Γ, P (t) Γ, ∀xP (x)
t a P (a)
P (x) P (a) a x
[P (a)]
∃ Γ, ∃xP (x) ∆ ∃ Γ, P (t)
Γ, ∆ Γ, ∃xP (x)
a C P (a) C
P (x) P (a) a x
t
3.1 ∀x[P (x)→ Q(x)] ¬∀x¬P (x) ∃xQ(x)
∀x[P (x)→ Q(x)]
P (a)→ Q(a) P (a), ¬P (a)
Q(a), ¬P (a)
∃xQ(x), ∀x¬P (x) ¬∀x¬P (x)
∃xQ(x)
4 PNK
NK
[5] NK
[6] WNK
PNK
A1, A2, , An B1, B2, , Bm
A1, A2, , An ⇒ B1, B2, , Bm
A1 A2 An B1
B2 Bm A1, A2, An B1, B2, , Bm
A1, A2, , An ⇒ B1, B2, , Bm
• → A→ B A B
Γ⇒ ∆, A→ B
A,Γ⇒ ∆, B
A,Γ⇒ ∆, B Γ⇒ ∆, A→ B →
• → A→ B A B
Γ, A→ B ⇒ ∆
Γ⇒ ∆, A Γ, B ⇒ ∆
Γ,Π ⇒ ∆, A Γ, B,Π ⇒ ∆ Γ, A → B,Π ⇒ ∆ →
• ∧ A ∧B A B
Γ⇒ ∆, A ∧B
Γ⇒ ∆, A Γ⇒ ∆, B
Γ⇒ ∆, A Γ⇒ ∆, B Γ⇒ ∆, A ∧ B ∧
• ∧ A ∧B A B
Γ, A ∧B ⇒ ∆
Γ, A,B ⇒ ∆
Γ, A,B ⇒ ∆ Γ, A ∧B ⇒ ∆ ∧
• ∨ A ∨B A B
Γ⇒ ∆, A ∨B
Γ⇒ ∆, A,B
Γ⇒ ∆, A,B Γ⇒ ∆, A ∨B ∨
• ∨ A ∨B A B
Γ, A ∨B ⇒ ∆
Γ, A⇒ ∆ Γ, B ⇒ ∆
Γ, A⇒ ∆ Γ, B ⇒ ∆ Γ, A ∨ B ⇒ ∆ ∨
• ¬ ¬C C
Γ⇒ ∆,¬C
C,Γ⇒ ∆
C,Γ⇒ ∆ Γ⇒ ∆,¬C C C, ¬C
¬ ∆ ¬C
• ¬ ¬D D
Γ,¬D ⇒ ∆
Γ⇒ ∆, D
Γ⇒ ∆, D Γ,¬D ⇒ ∆ ¬
• ∀ ∀xP (x) P (a)
P (a) P (x) x a
Γ⇒ ∆, ∀xP (x)
Γ⇒ ∆, P (a)
a Γ,∆, P (x) Γ ⇒ ∆, P (a) Γ ⇒ ∆,∀xP (x)
∀
• ∀ ∀xP (x) ∆ ∀xP (x) P (t)
∆ t P (t) P (x)
x t
Γ, ∀xP (x)⇒ ∆
Γ, ∀xP (x), P (t)⇒ ∆
∀xP (x) Γ, ∀xP (x)⇒
∆ Γ, P (t)⇒ ∆
∀xP (x)
∀xP (x) Γ, ∀xP (x), P (t)⇒ ∆
Γ, ∀xP (x)⇒ ∆ ∀
• ∃ ∃xP (x) ¬∃xP (x) P (t)
t P (t) P (x) x t
Γ⇒ ∆,∃xP (x)
Γ⇒ ∆, ∃xP (x), P (t)
∃xP (x) ∀
Γ ⇒ ∆, ∃xP (x), P (t) Γ ⇒ ∆,∃xP (x)
∃
• ∃ ∃xP (x) ∆ P (a) ∆
P (a) P (x) x a
Γ,∃xP (x)⇒ ∆
Γ, P (a)⇒ ∆
a Γ,Π,∆ Γ, P (a)⇒ ∆ Γ, ∃xP (x)⇒ ∆, C
∃
G
PNK
PNK
[1]
[2] Γ, C ⇒ ∆, C
[3]
4.1 ∀x[P (x)→ Q(x)], ¬∀x¬P (x)⇒ ∃xQ(x) 3.1
∀x[P (x)→ Q(x)], ¬∀x¬P (x)⇒ ∃xQ(x)
∀x[P (x)→ Q(x)]⇒ ∃xQ(x), ∀x¬P (x)
∀x[P (x)→ Q(x)]⇒ ∃xQ(x), ¬P (a)
∀x[P (x)→ Q(x)], P (a)⇒ ∃xQ(x)
∀x[P (x)→ Q(x)], P (a)→ Q(a), P (a)⇒ ∃xQ(x)
∀x[P (x)→ Q(x)], P (a)⇒ ∃xQ(x), P (a) ∀x[P (x)→ Q(x)], Q(a), P (a)⇒ ∃xQ(x)
∀x[P (x)→ Q(x)], Q(a), P (a)⇒ ∃xQ(x), Q(a)
3.1
NK
WNK
[5]
PNK NK PNK
PNK G
NK
PNK
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